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Abstract
Let Ω be a domain in Cn. Let H(Ω) be the linear space over C of the holomorphic functions in Ω ,
endowed with the compact-open topology. Let (zj ) be a sequence in Ω without adherent points in Ω . In
this paper, we define the space H(Ω, (zj )) and some of its linear topological properties are studied. We
also show that, for some domains of holomorphy Ω and some sequences (zj ), the non-zero elements of
H(Ω, (zj )) cannot be extended holomorphically outside Ω . As a consequence, we obtain some characteri-
zations of the domains of holomorphy in Cn.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and notation
We write N for the set of positive integers. By ω we denote the linear space CN of the complex
sequences provided with the topology of pointwise convergence. We have that ω is a Fréchet
space whose topological dual ϕ is identified with the space given by the elements (bj ) of CN
whose terms are all zero from a certain subindex on, the duality 〈ω,ϕ〉 being given by
〈
(aj ), (bj )
〉 := ∞∑
j=1
ajbj , (aj ) ∈ ω, (bj ) ∈ ϕ.
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of the holomorphic functions in Ω with the compact-open topology. If K is a compact subset of
Ω , its holomorphically convex hull Kˆ is defined as{
z ∈ Ω: ∣∣f (z)∣∣ sup{∣∣f (u)∣∣: u ∈ K}, ∀f ∈H(Ω)}.
We say that Ω is holomorphically convex whenever, for each compact subset K of Ω , Kˆ is
compact.
Let (zj ) be a sequence in Ω . We shall say that this sequence has the interpolation property
provided that, for a given arbitrary sequence (aj ) of complex numbers, there is an element f in
H(Ω) such that f (zj ) = aj , j ∈ N. The following result is a particular case of a theorem, which
also holds in infinite holomorphy, that can be found in [5]: (a) A sequence (zj ) in Ω has the
interpolation property if and only if it has distinct terms and, for an arbitrary compact subset K
of Ω , there is j0 ∈ N such that zj /∈ Kˆ , for j  j0.
In Cn, the polydisk with center in a = (a(1), a(2), . . . , a(n)) and multiradius ρ = (ρ(1), ρ(2),
. . . , ρ(n)), a(j) ∈ C, ρ(j) > 0, j = 1,2, . . . , n, which we shall denote by H(a,ρ), is defined as{
z = (z(1), z(2), . . . , z(n)) ∈ Cn: ∣∣z(j) − a(j)∣∣< ρ(j), j = 1,2, . . . , n}.
When r is a positive number, we write H(a, r) for the polydisk with center in a and multiradius
(r, r, n. . ., r). If z = (z(1), z(2), . . . , z(n)) ∈ Cn, we put
‖z‖ := sup{∣∣z(j)∣∣: j = 1,2, . . . , n}.
Then, ‖ · ‖ is a norm on Cn. In what follows we shall assume that Cn is provided with this
norm. It then follows that the open ball B(a, r), with center a and radius r , coincides with the
polydisk H(a, r).
Let f be an element of H(Ω) and let z0 be a point in the boundary ∂Ω of Ω . We say that
f is holomorphically extendible in z0 whenever there is r > 0 and a holomorphic function g
in H(z0, r) which coincides with f in a connected component of Ω ∩ H(z0, r). If f is not
holomorphically extendible in z0, we say that z0 is a completely singular point of f . When the
set of the completely singular points of f coincides with ∂Ω , we then say that f does not extend
holomorphically outside Ω .
If a domain Ω has the property that there exists f in H(Ω) such that it does not extend
holomorphically outside Ω , then Ω is said to be a domain of holomorphy. The theorem of Cartan
and Thullen [3, p. 40] asserts the following: A domain Ω is a domain of holomorphy if and only
if it is holomorphically convex.
Let P be a subset of N. Given j in N, we write P(j) for the number of elements of P which
are less than j . P is said to have zero density if
lim
j
P (j)
j
= 0.
A sequence of complex numbers (aj ) is said to have zero density whenever the set
{j ∈ N: aj 	= 0}
has zero density.
Let (zj ) be a sequence in Ω with no adherent points in Ω . We define H(Ω, (zj )) as the
subspace of H(Ω) formed by those functions f such that (f (zj )) has zero density. When (zj )
has the interpolation property, it happens that H(Ω, (zj )) has some linear topological properties
which will be studied in Section 4 of this paper.
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that do not extend holomorphically outside Ω is a set of the second category in the Fréchet space
H(Ω). In this paper we are also interested in constructing dense subspaces of H(Ω) which,
omitting the zero function, are contained in M . Thus, we construct some sequences (zj ) in Ω
with the interpolation property such thatH(Ω, (zj )) is dense in H(Ω) and so that each non-zero
element f of H(Ω, (zj )) cannot be extended holomorphically outside Ω . As a consequence, we
obtain some characterizations of the domains of holomorphy in Cn.
2. The spaceH(Ω, (zj ))
We consider a domain Ω in Cn such that ∂Ω 	= ∅. In the following we shall construct a
sequence (zj ) in Ω , with no adherent points in Ω , such that, when Ω is a domain of holomorphy,
H(Ω, (zj )) is dense in H(Ω), its non-zero elements do not extend holomorphically outside Ω
and, besides, it has good linear topological properties.
We say that an element z of Cn is rational whenever the real part and the imaginary part of
each of its coordinates are both rational. We consider the polydisks B(z,ρ) that intersect ∂Ω ,
with z and ρ being rational, z ∈ Ω . Let A(z,ρ) be the connected component of B(z,ρ) ∩ Ω
to which z belongs. Since A(z,ρ) is distinct from B(z,ρ), there are points in the boundary of
A(z,ρ) which also belong to B(z,ρ)∩Ω and so, if K is any compact subset of Ω , we have that
A(z,ρ) \K 	= ∅. When z and ρ vary, we may order the sets A(z,ρ) to form the sequence (Aj ).
We now consider a fundamental system of compact sets
K1 ⊂ K2 ⊂ · · · ⊂ Kj ⊂ · · ·
in Ω . For the positive integers j m, we choose zm,j in Aj \Km. So we have the sequence
z1,1, z2,1, z2,2, . . . , zm,1, zm,2, . . . , zm,m, . . . .
Clearly, we may take the terms in this sequence to be all distinct. We then write such sequence
as (vj ).
Proposition 1. Given w0 in ∂Ω and ρ > 0, if A is a connected component of B(w0, ρ)∩Ω , then
there exist infinitely many terms of (vj ) which belong to A.
Proof. Since A is different from B(w0, ρ), there is w1 in B(w0, ρ) ∩ ∂Ω which is also in ∂A.
We take ρ1 > 0 such that B(w1,2ρ1) ⊂ B(w0, ρ). We choose a rational point z in B(w1, ρ1)∩A.
Let ρ2 be the distance from z to ∂Ω . Then
ρ2  ‖z−w1‖ < ρ1
and hence we may take a rational number η such that ρ2 < η < ρ1. Clearly, there is j0 ∈ N such
that the connected component of B(z,η) ∩ Ω to which z belongs coincides with Aj0 . On the
other hand, if w is a point of Cn such that ‖w − z‖ < η, it follows that
‖w −w1‖ ‖w − z‖ + ‖z−w1‖ < η + ρ1 < 2ρ1,
and thus w ∈ B(w1,2ρ1) ⊂ B(w0, ρ), therefore B(z,η) ⊂ B(w0, ρ) and, since z ∈ Aj0 and
z ∈ A, it follows that Aj0 is contained in A. Obviously then, there are infinitely many terms
of (vj ) in Aj0 and the conclusion follows. 
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distance from vj to ∂Ω . It is easy to see that the terms of the sequence (uj ) form a dense subset
of ∂Ω .
For each m ∈ N, we consider a dense subset {um,r : r ∈ N} in
B
(
vm,
1
2
‖vm − um‖
)
∩B(um,‖um − vm‖).
We set
Ωm,r :=
{
z ∈ C: (1 − z)um + zum,r ∈ Ω
}
.
We have that Ωm,r is an open subset of C. We put
D :=
{
z ∈ C: 0 < Re z 1, | Im z| < 1
2
Re z
}
and
Dm,r :=
{
(1 − z)um + zum,r : z ∈ D
}
.
Proposition 2. Given m,r ∈ N, it follows that Dm,r is contained in B(vm,‖vm − um‖).
Proof. Let z be in D. Then∥∥(1 − z)um + zum,r − vm∥∥= ∥∥(1 − z)(um − vm)+ z(um,r − vm)∥∥
= ∥∥(1 − Re z)(um − vm)+ (Re z)(um,r − vm)+ (i Im z)(−um + vm + um,r − vm)∥∥
 (1 − Re z)‖um − vm‖ + (Re z)‖um,r − vm‖ + | Im z| · ‖um,r − um‖
< (1 − Re z)‖um − vm‖ + 1/2 · (Re z)‖um − vm‖ + 1/2 · (Re z)‖vm − um‖
= ‖um − vm‖
and so
(1 − z)um + zum,r ∈ B
(
vm,‖vm − um‖
)
. 
Corollary 1. D is contained in Ωm,r .
Given two arbitrary positive integers m,r , we put
]um,um,r ] :=
{
(1 − t)um + tum,r : 0 < t  1
}
.
For each triple of positive integers m,r, s, we choose in ]um,um,r ] an element
zm,r,s := (1 − tm,r,s)um + tm,r,sum,r
such that
0 < tm,r,s <
1
m+ r + s .
Clearly, this selection can be done in such a way that to different triples correspond different
points. Then{
zm,r,s : (m, r, s) ∈ N3
}
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m,r in N, the sequence (zm,r,s)∞s=1 converges to um.
We shall construct next a sequence in N2 such that every element of N2 appears infinitely
many times in the sequence. More precisely, we consider the following disposition of the ele-
ments of N2:
(1,1),
(1,1), (1,2), (2,1),
(1,1), (1,2), (2,1), (1,3), (2,2), (3,1),
...
(1,1), (1,2), (2,1), (1,3), (2,2), (3,1), . . . , (1,m), (2,m− 1), . . . , (m,1),
...
Following the above scheme, we construct a sequence where an element (h, k) is prior to
another (p, q) whenever (p, q) belongs to a row lower than the row in which (h, k) is located,
or, if they both are in the same row, then (p, q) is at the right-hand side of (h, k), that is,
(1,1), (1,1), (1,2), (2,1), (1,1), (1,2), (2,1), (1,3), (2,2), (3,1), . . . . (1)
We consider now an increasing sequence of positive integers (sj ) such that s1 := 1 and sj+1 >
2sj , j ∈ N. Given an arbitrary element (m, r) in N2, if it occupies the j th place in sequence (1),
then we choose the following points of ]um,um,r ]:
zm,r,sj+1, zm,r,sj+2, . . . , zm,r,sj+1 . (2)
From this, we construct a sequence in Ω by putting in the first place the elements obtained for
j = 1 in (2), that is:
z1,1,s1+1, z1,1,s1+2, . . . , z1,1,s2 .
Then, we put the terms obtained from (2) for j = 2:
z1,1,s2+1, z1,1,s2+2, . . . , z1,1,s3 .
The terms to follow are those obtained from (2) for j = 3:
z1,2,s3+1, z1,2,s3+2, . . . , z1,2,s4 ,
and so on. Proceeding in this way, we obtain a sequence which we shall denote as (zj ).
Proposition 3. Given f inH(Ω, (zj )), there are, for each m,r in N, infinitely many terms of (zj )
in ]u,um,r ] in which f vanishes.
Proof. For each positive integer h, we define Q(h) to be the number of elements k in N such
that k < h and f (zk) 	= 0. Then
lim
h
Q(h)
h
= 0.
Consequently, there is h0 ∈ N such that Q(h)h < 1/2, for h h0. We now take any j ∈ N, greater
than h0, and so that (m, r) occupies the j th place in sequence (1). Thus
sj+1 − sj
s
= 1 − sj
s
> 1 − 1/2 = 1/2, Q(sj+1)
s
< 1/2,
j+1 j+1 j+1
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finite sequence (2) where f has zero value. The conclusion now follows. 
Theorem 1. If f belongs to H(Ω, (zj )) and it extends holomorphically outside Ω , then it is
identically zero.
Proof. Let w0 be a point in ∂Ω such that f extends holomorphically in w0. We find ρ > 0
and a holomorphic function g in B(w0, ρ) which coincides with f in a connected subset A of
B(w0, ρ)∩Ω . Since A is not equal to B(w0, ρ), we may take an element w1 in ∂A which is also
in B(w0, ρ)∩ ∂Ω . We now find ρ1 > 0 such that
ρ1 <
1
2
(
ρ − ‖w0 −w1‖
)
.
Let B be a connected subset of B(w1, ρ1) ∩ Ω which intersects A. Then, B is contained in A.
By applying Proposition 1, we obtain k ∈ N such that vk is in B . We then take an arbitrary point
w in Cn such that
‖w − vk‖ ‖uk − vk‖.
Then
‖w −w0‖ ‖w − vk‖ + ‖vk −w1‖ + ‖w1 −w0‖
 ‖uk − vk‖ + ‖vk −w1‖ + ‖w1 −w0‖
 ‖vk −w1‖ + ‖vk −w1‖ + ‖w1 −w0‖
< 2ρ1 + ‖w1 −w0‖ < ρ,
and so uk belongs to the boundary ∂A, from where we get that B(vk,‖vk − uk‖) is contained
in A. Let r be an arbitrary element of N, and let
Γk,r :=
{
z ∈ C: (1 − z)uk + zuk,r ∈ B(w0, ρ)
}
.
We then have that Γk,r is an open subset of C such that
ψ(z) := g((1 − z)uk + zuk,r), z ∈ Γk,r ,
is a holomorphic function in Γk,r . On the other hand,
Φ(z) := f ((1 − z)uk + zuk,r), z ∈ Ωk,r ,
is holomorphic in Ωk,r .
After Corollary 1, D is contained in Ωk,r and, from Proposition 2, D is contained in Γk,r .
Hence, ψ and Φ coincide in D. Besides, (zj ) is a sequence in Ω , whose terms are all distinct,
which has a subsequence in ]uk,uk,r ] which converges to uk and whose terms are all zeros of f .
Moreover,
]uk,uk,r ] ⊂
{
(1 − z)uk + zuk,r : z ∈ D
}
and, consequently, the function ψ vanishes in an infinite set of points with 0 as an accumulation
point, which also belongs to Γk,r . Therefore, ψ vanishes in Γk,r . So, Φ is zero in ]uk,uk,r ] and
hence
f (uk,r ) = Φ(1) = 0.
Now, having in mind that {uk,r : r ∈ N} is a dense subset of an open subset of Ω , it follows that f
is identically zero. 
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1. Ω is a domain of holomorphy.
2. Given any sequence (wj ) in Ω , with no adherent points in Ω , there is a non-zero function f
holomorphic in Ω such that f (wj ) = 0, j ∈ N.
Proof. 1 ⇒ 2. Let (vj ) be a subsequence of (wj ) which contains each term of (wj ) exactly
once. We consider a point v0 in Ω distinct from vj , j ∈ N. After result (a), there is f ∈H(Ω)
such that f (v0) = 1, f (vj ) = 0, j ∈ N. Then, f is a non-zero function such that f (wj ) = 0,
j ∈ N.
2 ⇒ 1. Assuming Ω is not a domain of holomorphy, we consider the sequence (wj ) = (zj )
which we constructed before. Let f be a holomorphic function in Ω such that f (zj ) = 0, j ∈ N.
After Thullen’s Theorem [3, p. 39], f can be extended holomorphically outside Ω and, since
f ∈H(Ω, (zj )), by applying our former theorem we obtain that f is identically zero. 
Theorem 3. In each domain Ω of Cn, the following are equivalent:
1. Ω is a domain of holomorphy.
2. Given an arbitrary sequence (wj ) in Ω , with no adherent points in Ω , the dimension of
H(Ω, (wj )) is not zero.
Proof. 1 ⇒ 2. After the former theorem, there is a non-zero function f in H(Ω) such that it
vanishes in wj , j ∈ N. Since f belongs to H(Ω, (wj )), it follows that this space has positive
dimension.
2 ⇒ 1. We take the sequence (wj ) = (zj ) constructed before. Since the dimension of
H(Ω, (wj )) is positive, there is f ∈H(Ω, (wj )) such that it is not zero and so, after Theorem 1,
f cannot be extended holomorphically outside Ω . Consequently, Ω is a domain of holomor-
phy. 
3. Subspaces of ω
If Ω is a domain in Cn and (zj ) is a sequence in Ω with the interpolation property, we shall
give in the following section a linear topological property of H(Ω, (zj )). This is mainly the
reason why in this section we shall need to study some properties of some subspaces of CN
endowed with the product topology, that we denote, as usual, by ω.
For each j in N, by ej we denote the corresponding unit vector, i.e., the sequence whose terms
are all zero except the j th term whose value is one.
In a locally convex space E, we say that a subset A of E is sum-absorbing provided there
exists λ > 0 such that λ(A+A) is contained in A.
Proposition 4. Let E a locally convex space of finite dimension. If A is a closed balanced sum-
absorbing subset of E, distinct from E, then the closed absolutely convex hull of A does not
coincide with E.
Proof. If A is bounded, since its closed convex hull is compact, there is nothing to show. On
assuming A is not bounded, let ‖ · ‖ be any norm in E. We take a sequence (xj ) in A such that
‖xj‖ > 1, j ∈ N, and the sequence (‖xj‖) diverges to infinity. We choose αj in C such that
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in A. It follows that ‖αjxj‖ = 1, j ∈ N, and thus we may select a subsequence, which we shall
still denote by (αjxj ), that converges in E to an element y such that it has also norm one. Let L
stand for the linear span of {y}. For an arbitrary element z of L, there is α ∈ C such that z = αy.
We find j0 ∈ N so that ‖xj‖ > |α|, j  j0. Then, for those values of j , we have
|ααj | = |α| · ‖xj‖−1 < 1,
and, since xj belongs to A, j ∈ N, the sequence (ααjxj ) is contained in A and clearly converges
to αy = z. Hence z ∈ A and so L is contained in A.
If F1 and F2 are linear subspaces of E contained in A, from the fact that A is sum-absorbing,
it follows that F1 + F2 is contained in A. Consequently, there is a maximal linear subspace F
contained in A.
We consider a basis {b1, b2, . . . , bm} of E such that {b1, b2, . . . , br} is a basis of F . Then
r < m and each element z of E can be expressed as
z = a1(z)b1 + a2(z)b2 + · · · + am(z)bm, ai(z) ∈ C, i = 1,2, . . . ,m.
We show that the set{
ai(z): i = r + 1, . . . ,m, z ∈ A
}
is bounded in C. If this were not so, we could find a sequence (zj ) in A and an integer s,
with r < s  m, such that (|as(zj )|)∞j=1 diverges to infinity. Then, proceeding as before, byjust replacing the sequence (xj ) by (zj ), we would obtain a subspace M of E, of dimension
one, contained in A. This subspace is clearly not contained in F . Thus, F + M is contained in
A and strictly contains F , which is a contradiction. We then find k > 0 such that |ai(z)|  k,
i = r + 1, . . . ,m, z ∈ A. Then
F + {ar+1(z)br+1 + · · · + am(z)bm: z ∈ E, ∣∣ai(z)∣∣ k, i = r + 1, . . . ,m}
is a closed subset of E, which is also absolutely convex, contains A and it is different from E,
hence obtaining that the closed absolutely convex hull of A in E does not coincide with E. 
Proposition 5. Let E be a locally convex space of finite dimension. Let A be a balanced sum-
absorbing and absorbing subset of E. If A is dense in E, then A coincides with E.
Proof. Let 0 < λ< 1 be such that λ(A+A) is contained in A. For r  2 it is not difficult to see
that
λr
(
A+A+ r· · · +A)⊂ A. (3)
Let m be the dimension of E. If m is either zero or one, the result follows immediately. Let us
assume that m is greater than one. We take m linearly independent vectors in A, y1, y2, . . . , ym,
and put xj := λmyj , j = 1,2, . . . ,m. If B is the absolutely convex hull of {x1, x2, . . . , xm}, then
B is a zero-neighborhood in E, and so, after (3), B is contained in A. Let z be an arbitrary
element of E. Let (zj ) be a sequence in A converging to 1λz. We find s in N such that
1
λ
z − zs
belongs to B . Then,
z = (z− λzs)+ λzs ∈ λB + λA ⊂ λ(A+A) ⊂ A. 
We will denote by ϕ the space C(N), the direct sums of copies of C, endowed with the induc-
tive topology.
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F of ω such that ej ∈ F , j ∈ N.
Proof. It is easy to see that the closure E of E is isomorphic to ω, thus it suffices to do the
proof for E being dense in ω. Let {xj : j ∈ N} be a dense subset of E and we consider the subset
{ej : j ∈ N} of ϕ. We may now construct a biorthogonal system (uj , vj ) in E × ϕ such that the
linear spans of {uj : j ∈ N} and {vj : j ∈ N} coincide with the linear span of {xj : j ∈ N} and ϕ,
respectively [2, p. 290]. Hence, {uj : j ∈ N} is a Schauder basis in ω and so, for each element
z ∈ ω, z may be expressed in a unique way as a series ∑∞j=1 aj (z)uj , aj (z) ∈ C, j ∈ N. For
each z in ω, we write ψ(z) := (aj (z)). Then, ψ is an isomorphism from ω onto itself such that
F := ψ(E) satisfies our statement. 
For each r ∈ N, we define Hr to be the closed linear span in ω of {er , er+1, . . .}, and, if r  s,
s ∈ N, Hr,s is the linear subspace spanned by {er , er+1, . . . , es}. Let Kr be the linear span of
{e1, e2, . . . , er} and let K0 denote the zero subspace. By pr,s we denote the projection of ω onto
Hr,s along Kr−1 +Hs+1.
Proposition 7. If A is a closed balanced sum-absorbing subset of ω, distinct from ω, then there is
a Schauder basis (e∗j ) of ω such that the linear span of {e∗j : j ∈ N} coincides with the linear span
of {ej : j ∈ N}, and there is r ∈ N such that A contains the subspace spanned by {e∗r+1, e∗r+2, . . .}
and meets the linear span of {e∗1, e∗2, . . . , e∗r } in a compact set.
Proof. Since ω is a Fréchet space, it follows clearly that A is a zero-neighborhood. Hence, there
is m ∈ N such that A contains Hm+1. If A∩Km is compact, it suffices to take r = m and e∗j = ej ,
j ∈ N. Assuming A∩Km is not compact, let F be the maximal subspace of Km contained in A.
We take a basis {e∗1, e∗2, . . . , e∗m} in Km and r < m such that {e∗r+1, . . . , e∗m} is a basis of F . We
set e∗j := ej , j = m+ 1,m+ 2, . . . . Since F +Hm+1 is contained in A, we have that A contains
the linear span of {e∗r+1, e∗r+2, . . . , e∗m, e∗m+1, . . .} and A intersects the linear subspace spanned by{e∗1, e∗2, . . . , e∗r } in a compact subset. 
Theorem 4. Let E be a subspace of ω. Let A be a closed balanced sum-absorbing subset of E.
Let U be the closed absolutely convex hull of A. If U is a zero-neighborhood, then A is also a
zero-neighborhood.
Proof. If E were closed, then, since E would be a Fréchet space, the conclusion follows. As-
suming E is not closed, after Proposition 6, we may also assume that ej ∈ E, j ∈ N. U is a
zero-neighborhood, thus its closure U in ω is also a zero-neighborhood in ω. Applying the for-
mer proposition to the closed balanced sum-absorbing subset U of ω, we obtain, by conveniently
changing the basis if necessary and using also the same notation to represent it, (ej ), r ∈ N such
that U ⊃ Hr ∩E and U ∩Kr−1 is compact. We show next that the projection from A into Kr−1
along Hr ∩ E is bounded. Our claim being obvious for r = 1, we see it for r > 1. Let (aj ) be
an arbitrary element of U . Let (a∗j ) be the element of E such that a∗j = 0, j = 1,2, . . . , r − 1,
a∗j = aj , j = r, r + 1, . . . . Then
p1,r−1
(
(aj )
)= (aj )− (a∗j ) ∈ U +U ⊂ 2U,
from where we get p1,r−1(A) ⊂ 2(U ∩Kr−1), which is compact.
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closed absolutely convex hull of pr,s(A) in Hr,s . Then, U is contained in p−1r,s (M) and, since
pr,s(U) ⊃ U ∩Hr,s = Hr,s , we have that M coincides with Hr,s . Now, the closure of pr,s(A) in
Hr,s is closed balanced and sum-absorbing, hence, after Proposition 4, it follows that pr,s(A) is
dense in Hr,s and so pr,s(A) = Hr,s , after Proposition 5.
Let us suppose that A is not a zero-neighborhood in E. Then, if A is the closure of A in ω, it
follows that
G :=
⋃{
pA: p ∈ N}
is a linear subspace of ω distinct from ω. We take an element b = (bj ) of ω \G. For each s ∈ N,
s  r , we may find an element (b(s)j ) in A such that
pr,s
((
b
(s)
j
))= pr,s((bj )).
Since the projection from A onto Kr−1 along Hr ∩ E is a bounded set, we may find, in (b(s)j ),
s = 1,2, . . . , a subsequence, which we shall still denote as (b(s)j ), s = 1,2, . . . , such that
lim
s
b
(s)
j = b∗j , j = 1,2, . . . , r − 1.
Clearly,
lim
s
b
(s)
j = bj =: b∗j , j = r, r + 1, . . . .
We then have
r−1∑
j=1
(
bj − b∗j
)
ej ∈ E ⊂ G,
(
b∗j
) ∈ A ⊂ G.
Consequently,
(bj ) =
r−1∑
j=1
(
bj − b∗j
)
ej +
(
b∗j
) ∈ G,
which is a contradiction. 
Corollary 2. Let E be a barreled subspace of ω. If A is a closed balanced sum-absorbing and
absorbing subset of E, then A is a zero-neighborhood.
The above corollary does not work for arbitrary metrizable barreled spaces, as the following
example shows: We fix 0 <p < 1 and consider the subspace of 1 given by
E :=
{
(aj ) ∈ 1:
∞∑
j=1
|aj |p < ∞
}
.
Then E is barreled [7, p. 221] and the subset
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{
(aj ) ∈ E:
∞∑
j=1
|aj |p  1
}
is closed in E, balanced sum-absorbing and absorbing, but it is not a neighborhood of the origin
in E.
In the proof of the coming theorem we shall need the following result [1]: (b) Let E be a
barreled space. If F is a subspace of E of finite dimension, then F is barreled. We shall also
need [4,6]: (c) If F is a subspace of countably infinite codimension of the barreled space E, then
F is barreled.
Theorem 5. Let E be a subspace of ω. The following are equivalent:
1. Given an arbitrary sequence (Ej ) of dense subspaces of E which cover E, there is j0 ∈ N
such that Ej0 is barreled.
2. Given an arbitrary sequence (Aj ) of closed balanced sum-absorbing subsets of E, there is
j0 ∈ N such that Aj0 is a zero-neighborhood in its linear span L(Aj0), and this linear span
has finite codimension in E.
Proof. If E is closed, then it is a Fréchet space and there is nothing to be shown. On assuming
E is not closed, after Proposition 6, we may also assume that ej ∈ E, j ∈ N.
1 ⇒ 2. Let Ej be the linear hull of Aj ∪ {ei : i ∈ N}. It follows that Ej is dense in E, j ∈ N,
and (Ej ) covers E. Thus, there is j0 ∈ N such that Ej0 is barreled and, after results (b), (c), we
have that L(Aj0) is barreled. Now, from Corollary 2, Aj0 is a zero-neighborhood in E, hence
L(Aj0) is closed in E, and so it is also closed in Ej0 . Besides, Ej0/L(Aj0) is metrizable barreled
and has countable dimension, from where we deduce that such dimension must be finite.
2 ⇒ 1. Let us assume the property is not true. We take a sequence (Fj ) of dense subspaces
of E, not barreled, which covers E. In Fj , let Uj be a closed absolutely convex absorbing subset
which is not a zero-neighborhood. If Uj denotes the closure of Uj in E, we then have{
iUj : i, j ∈ N
}
is a countable collection of closed balanced sum-absorbing subsets of E which covers E. Then,
there is an element in that collection such that it is a zero-neighborhood in its linear hull which,
clearly, coincides with E. Hence, there is j0 ∈ N such that Uj0 is a zero-neighborhood in Fj0 ,
thus attaining a contradiction. 
Motivated by this last theorem we give the following definition: A locally convex space E is
semi-Baire whenever, for every sequence (Aj ) of closed balanced sum-absorbing subsets of E
covering E, there is j0 ∈ N such that Aj0 is a zero-neighborhood in its linear hull L(Aj0), and
this space has finite codimension in E.
We use now ω(0) to denote the subspace of ω formed by the complex sequences of density
zero. In Theorem 6, we shall prove that ω(0) is a semi-Baire space; for this purpose we first
prove the following proposition.
Proposition 8. Let A be a closed absolutely convex subset of ω such that it is not a neighborhood
of the origin and whose linear span F is dense in ω. Given r in N, there is q in N and a non-zero
element ar+1er+1 + ar+2er+2 + · · · + ar+qer+q in the polar A◦ of A in ϕ.
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there are elements uj in A◦, j = 1,2, . . . , r + 1, such that
uj =
sj∑
s=1
aj,ses, r < s1 < s2 < · · · < sr+1, aj,sj 	= 0, j = 1,2, . . . , r + 1.
We then have that (aj,1, aj,2, . . . , aj,r ), j = 1,2, . . . , r + 1, form a set of r + 1 vectors in Cr
and, hence, they are linearly dependent. Thus, there are complex numbers, not all zero, λj , j =
1,2, . . . , r + 1, such that
r+1∑
j=1
λjaj,m = 0, m = 1,2, . . . , r.
Clearly, we may assume that
∑r+1
j=1 |λj | = 1. Now, since the vectors uj , j = 1,2, . . . , r + 1, are
linearly independent in ϕ, it follows that
∑r+1
j=1 λjuj is a non-zero element of A◦ which may be
written as ar+1er+1 + ar+2er+2 + · · · + ar+qer+q , for some positive integer q . 
Theorem 6. The space ω(0) is semi-Baire.
Proof. Let us suppose that the assertion is false. We find in ω(0) a sequence of dense subspaces
(Ej ), non-barreled, covering ω(0). For each j ∈ N, we find in Ej a closed subset Vj , absolutely
convex and absorbing such that it is not a zero-neighborhood. If V j is the closure of Vj in ω, we
order the sets{
iV j : i, j ∈ N
}
in the sequence (Uj ). We apply the former proposition and obtain the positive integers m1 :=
1 n1 and the complex numbers am1, am1+1, . . . , an1 so that
am1em1 + am1+1em1+1 + · · · + an1en1 ∈ U◦1 , an1 	= 0.
Proceeding by recurrence, let us assume that, for a positive integer r , we have already found the
positive integers amr , amr+1, . . . , anr so that
amr emr + amr+1emr+1 + · · · + anr enr ∈ U◦r , anr 	= 0.
We now take a positive integer mr+1 > nr , mr+1 > (r + 1)2. Applying the former proposition,
we obtain nr+1 mr+1 and the complex numbers amr+1, amr+1+1, . . . , anr+1 so that
amr+1emr+1 + amr+1+1emr+1+1 + · · · + anr+1enr+1 ∈ U◦r+1, anr+1 	= 0.
This finishes the complete induction process. Let us now show that the subset
{nr : r ∈ N} (4)
of N has zero density. We take s in N such that it is greater than n1. Let r + 1 be the first positive
integer such that s < nr+1. Then, if P(s) is the number of elements of the set (4) which are less
than s, it follows that
P(s)
s
 r
nr
 r
r2
and thus
lim
P(s) = 0.s s
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bj := 0, j 	= nr, bnr :=
2
anr
, r ∈ N.
We have that (bj ) belongs to ω(0) and so there is p ∈ N such that (bj ) ∈ Up . Then
1
〈
(bj ), ampemp + · · · + anpenp
〉= bnpanp = 2,
which is a contradiction. 
4. A linear topological property ofH(Ω, (zj ))
In this section, for a positive integer n, Ω is a domain in Cn. We shall see here that if (zj ) is
a sequence in Ω with the interpolation property, then H(Ω, (zj )) is a semi-Baire space.
In the coming proposition, E is a locally convex space and F is a Fréchet subspace of E. Let
(Bj ) be a sequence of closed balanced sum-absorbing subsets of E which covers E, such that
the integral homothetics (i.e., all sets of the form rBj , r, j ∈ N) are also in the sequence (Bj ).
Proposition 9. Let (Aj ) be the subsequence of (Bj ) formed by all Bj that intersect F in a
neighborhood of the origin. Then ⋃∞j=1 Aj = E.
Proof. On assuming that
⋃∞
j=1 Aj 	= E, there is a one-dimensional subspace L of E such that
Aj ∩L = {0}, j ∈ N. Let H := F +L. Since H is a Fréchet space, there is a positive integer j0
such that Bj0 ∩ H is a zero-neighborhood in H . Hence, Bj0 coincides with some Aj and meets
L in more than one point, which is a contradiction. 
Proposition 10. Let E be a semi-Baire space. If (Ej ) is a sequence of subspaces of E, covering
E, then there is a positive integer j0 such that Ej0 is barreled and its closure Ej0 has finite
codimension in E.
Proof. Let us first assume that there is a sequence (Fj ) of subspaces of E such that it covers
E and Fj is not barreled, j ∈ N. For each j ∈ N, we take a closed absolutely convex absorbing
subset Vj of Fj which is not a zero-neighborhood in Fj . Let V j be the closure of Vj in E. In E,
the collection of subsets{
iV j : i, j ∈ N
}
covers E and each element of this collection is closed balanced and sum-absorbing in E. There-
fore, one of such sets is a zero-neighborhood in its linear span. Consequently, there is j0 ∈ N
such that V j0 is a zero-neighborhood in its span. Thus, Vj0 = V j0 ∩ Fj0 is a zero-neighborhood
in Fj0 , which is a contradiction. Let us now consider an arbitrary sequence (Ej ) of subspaces
of E which cover E. Let P be the subset of N such that Ej is barreled for j ∈ P and Ej is not
barreled for j ∈ N \ P . After what was said before, the collection
{Ej : j ∈ N \ P }
does not cover E and so we may take y ∈ E such that y /∈ Ej , j ∈ N \P . Then, y ∈ Ej for some
j ∈ P . Assuming that
{Ej : j ∈ P }
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and the real linear manifold
F := {ty + (1 − t)z: t ∈ R}
is not contained in Ej for all j ∈ N. On the other hand, F meets each Ej in at most one point,
from where we get that F would be a countable union of points, which is a contradiction. There-
fore, we may find a subsequence in (Ej ), which we shall still denote by (Ej ), such that it covers
E and whose terms are all barreled. Let Ej be the closure of Ej , j ∈ N. The sequence (Ej )
is thus formed by closed balanced sum-absorbing subsets of E. This sequence covers E, hence
there is j0 ∈ N such that Ej0 has finite codimension in E. Since Ej0 is barreled, the result fol-
lows. 
The following result, which we proved in [8], will be used later: (d) Let F be a closed subspace
of a locally convex space E and let T be the canonical map from E onto E/F . Let A be a
closed balanced sum-absorbing subset of E. If there is an absolutely convex zero-neighborhood
U in E such that U ∩ F ⊂ A and T (A∩U) is a zero-neighborhood in E/F , then A is a zero-
neighborhood in E.
Theorem 7. If (zj ) is a sequence in Ω with the interpolation property, then H(Ω, (zj )) is a
semi-Baire space.
Proof. For each f in H(Ω), we put Sf := (f (zj )). Then
S :H(Ω) −→ ω
is a continuous onto linear map and so it is a topological homomorphism. If T := S|H(Ω,(zj )),
then
T :H(Ω,(zj ))−→ ω(0)
is a topological homomorphism such that F := T −1(0) is a Fréchet space. Let (Bj ) be a sequence
of closed balanced sum-absorbing subsets of H(Ω, (zj )), covering H(Ω, (zj )). We show next
that one of them is a zero-neighborhood in its linear span and that this span has finite codimension
in H(Ω, (zj )). With no loss of generality, we may assume that the sequence (Bj ) contains the
integral homothetics of each of its members. Applying Proposition 9, we obtain a subsequence
(Aj ) of (Bj ) such that it covers H(Ω, (zj )) and Aj ∩ F is a zero-neighborhood in F , j ∈ N.
We write Fj for the linear subspace spanned by Aj and Ej := T (Fj ), j ∈ N. We have that Fj
contains F , j ∈ N, and the sequence (Ej ) covers ω(0). Making use of Proposition 10, there is
j0 ∈ N such that Ej0 is barreled and its closure in ω(0) has finite codimension. Let ψ := T|Fj0 .
Then
ψ :Fj0 −→ Ej0
is a topological homomorphism and hence Fj0/F is isomorphic to Ej0 . Now, since Aj0 ∩ F is a
zero-neighborhood in F , there is an absolutely convex zero-neighborhood U in Fj0 such that U ∩
F ⊂ Aj0 . The closure ψ(U ∩Aj0) of ψ(U ∩Aj0) in Ej0 is closed balanced sum-absorbing and
absorbing in this space, hence, since Ej0 is barreled, after Corollary 2, we obtain that ψ(U ∩Aj0)
is a zero-neighborhood in Ej0 . Applying result (d), we get that Aj0 is a zero-neighborhood in Fj0 ,
so, since Aj0 is closed in H(Ω, (zj )), it follows that Fj0 is closed in H(Ω, (zj )), and thus Ej0 is
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codimension in H(Ω, (zj )). 
Theorem 8. If Ω is a domain of holomorphy, then there is a sequence (zj ) in Ω with the follow-
ing properties:
1. H(Ω, (zj )) is a semi-Baire space which is dense in H(Ω).
2. Given an arbitrary non-zero element f of H(Ω, (zj )), f does not extend holomorphically
outside Ω .
Proof. It follows immediately after Theorem 1, result (a) and the former theorem. 
In [8], a locally convex space E is said to be nearly-Baire whenever, given an arbitrary se-
quence (Aj ) of closed balanced sum-absorbing subsets of E, there is j0 ∈ N such that Aj0 is a
zero-neighborhood in E.
Notice that if (zj ) is a sequence in Ω with the interpolation property, the space H(Ω, (zj )) is
semi-Baire, but it is not nearly-Baire. Indeed, if for each j ∈ N, we put
Hj :=
{
f ∈H(Ω,(zj )): f (zj ) = 0},
it follows that (Hj ) is a sequence of closed hyperplanes in H(Ω, (zj )) which covers this space,
from where the result obtains.
In [8], a locally convex space E is said to be ordered nearly-Baire whenever, given an in-
creasing sequence (Aj ) of closed balanced sum-absorbing subsets of E which covers E, there is
j0 ∈ N such that Aj0 is a zero-neighborhood in E. The following result is proved in [8]: (e) If Ω
is a domain of holomorphy in C, there exists, under the Continuum Hypothesis, a dense subspace
E of H(Ω) which is ordered nearly-Baire and such that every non-zero element f of E does not
extend holomorphically outside Ω .
In [8], the problem of whether the former result will still hold without using the Continuum
Hypothesis is posed. Notice that if E is H(Ω, (zj )), from Theorem 8 it is easy to see that it is
ordered nearly-Baire. Thus, we have an affirmative answer to this problem.
5. Nearly-Baire spaces of holomorphic functions
We shall make use later of the three-space theorem on nearly-Baire spaces which we proved
in [8]. (f) Let F be a closed subspace of a locally convex space E. If F and E/F are nearly-Baire
spaces, then E is also nearly-Baire.
Clearly, if a locally convex space is nearly-Baire, then it is semi-Baire, although the converse
is not true, as seen in the former section.
In this section, for Ω being a domain of holomorphy in Cn, we shall give nearly-Baire dense
subspaces of H(Ω) such that each of its non-zero elements does not extend holomorphically
outside Ω . We begin by constructing some subspaces of ω.
Lemma 1. There is in ω a uncountable subset M such that it satisfies the following conditions:
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and the integers 0 < j1 < j2 < · · · < jm, it follows that the determinant∣∣∣∣∣∣∣∣∣∣
a
(1)
j1
a
(1)
j2
· · · a(1)jm
a
(2)
j1
a
(2)
j2
· · · a(2)jm
...
...
...
...
a
(m)
j1
a
(m)
j2
· · · a(m)jm
∣∣∣∣∣∣∣∣∣∣
is not zero.
2. If (aj ) belongs to M , then limj |aj | = ∞.
3. If (aj ) and (bj ) are distinct elements of M , then either limj |aj ||bj | = ∞, or limj
|aj |
|bj | = 0.
Proof. Let P denote the collection of all subsets P of ω that satisfy the conditions given in
the sequel: If, for a positive integer m, (a(h)j ), h = 1,2, . . . ,m, are distinct elements of P , and
j1, j2, . . . , jm are distinct positive integers, then the determinant∣∣∣∣∣∣∣∣∣∣
a
(1)
j1
a
(1)
j2
· · · a(1)jm
a
(2)
j1
a
(2)
j2
· · · a(2)jm
...
...
...
...
a
(m)
j1
a
(m)
j2
· · · a(m)jm
∣∣∣∣∣∣∣∣∣∣
is not zero, if (aj ) is in P then limj |aj | = ∞ and, finally, if (aj ) and (bj ) are distinct elements
of P , then
lim
j
|aj |
|bj | = ∞, or limj
|aj |
|bj | = 0.
If we take an arbitrary element (aj ) of ω such that aj 	= 0, j ∈ N, and limj |aj | = ∞, it follows
that the subset of ω having (aj ) as its only element belongs to P . Hence P is non-empty.
If P1 and P2 are in P , we put P1  P2 whenever P1 is contained in P2. Then (P,) is an
inductive ordered set. Applying Zorn’s Lemma, we obtain a maximal element M in (P,).
Assuming that M is countably infinite, let M := {(a(s)j ): s ∈ N}. We take a complex number a1
such that |a1| > |a(1)1 |. Proceeding inductively, let us assume that, for a positive integer m, we
have already found the complex numbers aj , j = 1,2, . . . ,m, such that |aj | > |a(1)j | + |a(2)j | +
· · · + |a(j)j | and all determinants of the form∣∣∣∣∣∣∣∣∣
aj1 aj2 · · · ajr
a
(s1)
j1
a
(s1)
j2
· · · a(s1)jr
...
...
...
...
a
(sr−1)
j1
a
(sr−1)
j2
· · · a(sr−1)jr
∣∣∣∣∣∣∣∣∣
(5)
with j1 < j2 < · · · < jr  m and s1 < s2 < · · · < sr−1 have non-zero value. We now find a
complex number am+1 such that |am+1| > |a(1)m | + |a(2)m | + · · · + |a(m)m | and each determinant
with the form (5) such that j1 < j2 < · · · < jr  m + 1 and s1 < s2 < · · · < sr−1 is not zero.
Then, it is easy to show that M ∪ {(aj )} belongs to P , which is a contradiction.
If we assume that M is finite, an analogous argument to the one used before again yields a
contradiction. Hence, M answers the statement of the lemma. 
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1. If (aj ) belongs to E, then limj |aj | = ∞.
2. If (aj ) is a non-zero element of E, then aj is distinct from zero, except for a finite number of
terms.
3. There is an uncountably infinite Hamel basis B of E such that every closed hyperplane of ω
intersects B in a finite subset.
Proof. We put E to denote the closed linear span of the subset M of ω obtained in the for-
mer lemma. After conditions 2 and 3 of the previous lemma, it follows that, for each (aj ) ∈ E,
limj |aj | = ∞ and also that B := M is a Hamel basis of E. We take now an arbitrary non-zero
element (bj ) of E. We find non-zero complex numbers λ1, λ2, . . . , λr and r distinct elements of
B , (a
(s)
j ), s = 1,2, . . . , r , such that
(bj ) =
r∑
s=1
λs
(
a
(s)
j
)
.
Let us assume that there are r integers 0 < j1 < j2 < · · · < jr such that bj1 = bj2 = · · · = bjr = 0.
Then
bj1 = λ1a(1)j1 + λ2a
(2)
j1
+ · · · + λra(r)j1 = 0,
bj2 = λ1a(1)j2 + λ2a
(2)
j2
+ · · · + λra(r)j2 = 0,
...
bjr = λ1a(1)jr + λ2a
(2)
jr
+ · · · + λra(r)jr = 0
and since∣∣∣∣∣∣∣∣∣∣
a
(1)
j1
a
(1)
j2
· · · a(1)jr
a
(2)
j1
a
(2)
j2
· · · a(2)jr
...
...
...
...
a
(r)
j1
a
(r)
j2
· · · a(r)jr
∣∣∣∣∣∣∣∣∣∣
	= 0
we obtain a contradiction. Finally, let H be a closed hyperplane of ω. There are m non-zero com-
plex numbers α1, α2, . . . , αm and positive integers r1 < r2 < · · · < rm such that all homothetics
of α1er1 + α2er2 + · · · + αmerm form the subspace of ϕ which is orthogonal to H . Assume that
H contains m distinct elements of B , (a(s)j ), s = 1,2, . . . ,m, then, for 1 s m, it follows that〈(
a
(s)
j
)
, α1er1 + α2er2 + · · · + αmerm
〉= α1a(s)jr1 + α2a(s)jr2 + · · · + αma(s)jrm = 0,
thus achieving a contradiction after noticing that the determinant∣∣∣∣∣∣∣∣∣∣
a
(1)
jr1
a
(1)
jr2
· · · a(1)jrm
a
(2)
jr1
a
(2)
jr2
· · · a(2)jrm
...
...
...
...
a
(m)
jr1
a
(m)
jr2
· · · a(m)jrm
∣∣∣∣∣∣∣∣∣∣
is not zero. 
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Proposition 11. The subspace G of ω is nearly-Baire.
Proof. Let (Gj ) be a sequence of subspaces of G which covers G. If we assume that Gj is not
dense in G, j ∈ N; then, there is a sequence (Hj ) of closed hyperplanes of ω such that Hj ⊃ Gj ,
j ∈ N; thus, (Hj ) covers E, which is in contradiction with B ∩ Hj being finite, j ∈ N, and B
uncountable. Consequently, there is some j0 ∈ N such that Gj0 is dense in G. Following a similar
argument to the one used in the proof of Proposition 10, there is a subsequence of (Gj ), which
we shall keep denoting by (Gj ), covering G such that Gj is dense in G, j ∈ N. Suppose now
that Gj is not barreled, j ∈ N. We find in Gj a closed absolutely convex absorbing subset Uj
such that it is not a zero-neighborhood, j ∈ N. Let Uj be the closure of Uj in ω. Then the sets{
iUj : i, j ∈ N
}
cover ω(0) and hence there is s ∈ N such that Us ∩ ω(0) is a neighborhood in its linear span,
which has finite codimension, from where we deduce easily that Us is a neighborhood of the
origin in ω, so attaining a contradiction. Therefore, there is j0 ∈ N such that Gj0 is barreled. The
conclusion then follows after Corollary 2. 
Theorem 9. If Ω is a domain of holomorphy, then there is a subspace G of H(Ω) with the
following properties:
1. G is nearly-Baire and dense in H(Ω).
2. If f ∈ G is not zero, then f does not extend holomorphically outside Ω .
Proof. We find (zj ) as in Theorem 1. Let T be the map from H(Ω) into ω given by, if f ∈
H(Ω), then Tf := (f (zj )). We have that T is a topological homomorphism of H(Ω) onto ω.
If we denote by G the subspace T −1(G), it follows that G is dense in H(Ω) and, after result (f),
G is nearly-Baire. Let f be a non-zero element of G. If f ∈ T −1(ω(0)) =H(Ω, (zj )), then f
does not extend holomorphically outside Ω . If z0 ∈ ∂Ω and ρ > 0, then there infinitely many
terms of (zj ) in each connected component of B(z0, ρ)∩Ω and so, if f ∈ T −1(E), then f does
not extend holomorphically outside Ω . Finally, if f = f1 + f2, with f1 ∈ T −1(ω(0)) and f2 ∈
T −1(E), f1, f2 both non-zero, setting P := {j ∈ N: f1(zj ) = 0}, we have that, from Lemma 2,
f (zj ) = f2(zj ) for all j ∈ P except for a finite subset. Thus, limj∈P |f (zj )| = ∞ and, after
Proposition 3, f does not extend holomorphically outside Ω . 
Problem. Let Ω be a domain of holomorphy in Cn. Does there exist a dense subspace L ofH(Ω)
such that it is Baire and, for each non-zero element f of L, f does not extend holomorphically
outside Ω?
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